Quantum discord under two-side projective measurements 
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The original definition of quantum discord of bipartite states was defined under one-side projective 
measurements, it describes quantum correlation more extensively than entanglement. Dakic, Vedral, 
and Brukner [Phys. Rev. Lett. 105, 190502 (2010)] introduced a geometric measure of quantum 
discord, and Luo, Fu [Phys. Rev. A 82, 034302 (2010)] simplified the expression of it. In this paper 
we generalize the quantum discord to the case of two-side projective measurements, and also define 
a geometric measure on it. Further, a simplified expression and a lower bound of this geometric 
measure are derived and explicit expressions are obtained for some special cases. 
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I. INTRODUCTION: QUANTUM DISCORD 
UNDER ONE-SIDE PROJECTIVE 
MEASUREMENTS 

Quantum correlation is one of the most striking fea- 
tures in quantum many-body systems. Entanglement 
was widely regarded as nonlocal quantum correlation 
and it leads to powerful applications f?, '5]. However, 
entanglement is not the only type of correlation useful 
for quantum technology. A different notion of measure, 
quantum discord, has also been proposed to characterize 
quantum correlation based on quantum measurements 
0, 01 • Quantum discord captures the nonlocal corre- 
lation more general than entanglement, it can exist in 
some states even if entanglement does vanish. Moreover, 
it was shown that quantum discord might be responsible 
for the quantum coinputational effiency of some quantum 
computation tasks 0-0] • 

Recently, quantum discord has attracted increasing at- 
tention. Its evaluation involves optimization procedure, 
and analytical expressions are known only in a few cases 
[1, Q . A witness of quantum discord for 2 x n states was 
found [To| , while we have known that almost all quantum 
states have nonvanishing quantum discord (llj . Theoret- 
ically, the relations between quantum discord and other 
concepts have been discussed, such as Maxwell's demon 
0: [13, completely positive maps , and relative en- 
tropy |15| . Also, the characteristics of quantum discord 
in some physical models and in information processing 
have been studied fl6l - [l9| . 

The original definition of quantum discord was given 
under one-side projective measurements. In this paper, 
we will generalize it to the case of two-side projective 
measurements. For clarity, we first give some notations 
and rules which will be used throughout this paper: Let 
H^,H^ be the Hilbert spaces of quantum systems A, B, 
dimH^ = m, dimH^ = n. Ia: Ib, I are the identity op- 
erators on H^, and ® . The reduced density 
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matrices of a state p^^ on H^®H^ are p"^ = trsp, p^ ~ 
trAP- For any density operators p, tr on a Hilbert space 
H, the entropy of p is S{p) = —trplogp (logp = logj p), 
the relative entropy is S'(/5||cr) — trplogp — trploga. 
It is known that ^(pllcr) > and 5(^1 jcr) — only if 
p = a. The conditional entropy of p"^^ on H"^ (g) 
(with respect to A) is defined as S{p^^) — S{p^), and 
the mutual information of p is Sip"^) + S{p^) - S{p^^) 
which is nonnegative and vanishing only when p"^^ — 
p"^ ® p^ . A general measurement on is denoted by 
a set of operators $ = {$c(}q, on ® satisfy- 
ing ^a^\t — I, where f means Hermitian adjoint, 

and {^a}a operate as p^^ = J^a ^aP'^^^a- When 
= Aa (8) Ib, where are operators on H^, we say 
{Aa <E) IbJo is a one-side (with respect to subsystem A ) 
general measurement. Moreover, if Aa = H^ = |q!)(q;| 
and {|q;)}™^i is an orthonormal basis of H"^, we call 
{Hq (8) /_b}q a one-side projective measurement. Sim- 
ilarly, we call {Hq,^}^^ a two-side projective measure- 
ments, where H^^ = \a){a\ ® |/3)(/3|, and is an 
orthonormal basis of . For simplicity, we sometimes 
write J2a ® Ibp'^^AI «) /s = ^aP^^^A^ byomit- 
ting identity operators. In this paper, we use p^^ to 
denote the state whose initial state are p"^^ and experi- 
enced a measurement, and p^ = trBP^^ , p^ — trAp^^- 

Now recall that the quantum discord of p^^ under 
one-side projective measurements on A can be expressed 
as 



DA^P^n = S{p^)-S{p^^) + ini[S{p^B)-S{p^)]. (1) 



In Eq. (1), inf is taken over all projective measurements 
on A. Dg[p^^) is defined similarly. The intuitive mean- 
ing of Eq. (1) is that D^{p^^) is the minimal loss of con- 
ditional entropy or mutual information (since p^ = p^ ) 
under all projective measurements on subsystem A. 

D^{p^^) ~ means there is no loss of conditional 
entropy or mutual information for at least one projective 
measurement on A. Such states are called classical states 
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because of this classical feature. It can be proved that 
^^(O = 0^p^^ = ^p„|a)H®pf, (2) 

where, is an arbitrary orthonormal set of H^, 

and Pa are probabilities. 

Although the set of all states p"^^ satisfying 
Da{p^^) = is not a convex set, a technical defini- 
tion of geometric measure of quantum discord of p"^^ 
under projective measurements on A can be defined as 
inf d(p"^^, (7"*^), where d is a distance defined on density 
operators of ® , and inf is taken over all cr^^ with 

Let L{H^) be the real linear space of all Hermi- 
tian operators on L{H^) , and define the inner product 
{X\Y) = trA{XY) for any X, F G L{H^), then L{H^) 

becomes a real Hilbert space with dimension m? . The 
Hilbert spaces L{H^) and L{H^ (g) H^) are defined sim- 
ilarly. A geometric measure of quantum discord of p^^ 
under one-side projective measurements on A can be de- 
fined as nil 

i^«(/^)=inf ll/^-a^^lP, (3) 

where \\p^^ - a^^\\'^ = tr[(p^^ - cr^^)^], inf takes ah 
CT^^ that D^ia"^^) = 0. Analytical solutions oiD^{p^^) 
for all 2-qubit states were obtained [l^ . Moreover, it has 
been showed that Eq. (3) can be simplified as l2l| 

D^(0=inf||p^^-n„p^^njp. (4) 

In this paper, we will generalize Eqs. (l)-(4) to the 
case of two-side projective measurements (Sec. II), and 
evaluate some special states (Sec. III). 

II. QUANTUM DISCORD UNDER TWO-SIDE 
PROJECTIVE MEASUREMENTS 

We can generalize the definition of quantum discord 
under one-side projective measurements in Eq. (1) to 
the case of two-side projective measurements, as [22| 

D^^{p^^)^Sip^) + Sip^)~Sip^^) 

+ M \Sip^B)~Sip^)-Sip^)]. (5) 

Theorem 1 below states that Dj^g{p^^) is nonnegative 
and for what states Dj^g{p^^) vanishes. 
Theorem 1. It holds that 

Dab{p^'') > 0, (6) 
DABip^'') = 0^p^^ =J2papnap. (7) 

all 

where {nQ,^}Q^ is an arbitrary two-side projective mea- 
surement. Pap are double probabilities, that is pafi > 0, 
and Y^afsPcP = 1- 



To prove Eq. (6), we first establish that p^ (E) p^ = 
p^ ® p^ under two-side projective measurements. Given 
two-side projective measurement {IVap\ai3i we expand 
p"^^ and p^B in ^^sis {|a)}™^i = {W)}a'=i and 

mrp=i^mn.=i as 

oca' 1313' 
Q/3 al3 

Then it can be easily verified that p^ (E) p^ = p^ E) p^ ■ 

From the monotonicity of relative entropy under gen- 
eral measurements [23j 

5($p^^||$a^^) < 5(/^||(7^^), 

and the relation between mutual information and relative 
entropy 

5(/^||/ ® p^) = 5(/) + Sip^) - 

Now substituting {$} by {Tlai3}ai3 and combining 

pA® pB ^ p"^® p^, it follows that D^g{p'^^) > 0. 

To establish Eq. (7), it is also known that 
5($p^B||$cr^B) ^ Sip^^Wa"^^) if and only if there ex- 
ists a general measurement F such that T^p^^ — p^^ 
and T^a^^ = a^^ [11]. Then, for any two two-side 
projective measurements {IIq/j} and {H^^}, if 

pAB =Y,^-,s{Y,na0P^^Ua0)U^S 

jS a.(3 

= E ^isC^ Ptal3l3^al3)^t6 

then p^-^ has the form of p^^ = J^aisP^P^ap- Con- 
versely, if p-^^ = Y.apPo'll^afi, then Y^ap ^afiP^^^aP = 

p^^ . Hence Eq. (7) holds. We thus complete the proof 
of Theorem 1. 

From Eqs. (2) and (7), we have 

DABiP^"") - ^ DAp^"") = D^p^^) = 0. (8) 

The intuitive meaning of Eq. (5) is that D^q{p^^) 
is the minimal loss of mutual information under all two- 
side projective measurements. We see that D^q{p^^) 
captures more correlations than D^p^^) , since 

DABip^^)=O^DAp^'') = 0- (9) 

In the same spirit of Eq. (3), we also define a geometric 
measure of quantum discord under two-side projective 
measurements as 

D%{p^^)^MJp^^-X^''\\', (10) 
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where inf takes all that D^^glx^^) = 0. From Eqs. 
(2), (3), (7), (10), it can be easily found that 

DUp^^) > m^^D^ip^^D^ip^^)}. (11) 

The Theorem 2 below will simplify Eq. (10). 
Theorem 2. D^g{p^^) is defined in Eq. (10), then 

D%{p^^) = inf iip^^ - ^n„,/^n„,|p 

= tr[{p^Bf]~ sup ||^n„^/^n„^|p, (12) 
{no,} 

where inf and sup take over all two-side projective mea- 
surements {IIq,^}. 

Proof: For any that -D^^(x"^'^) — 0, suppose 

X^'' = EP"/3|a)(a|®l/3)(/3|. 

We expand p^^ in basis {\a)} = {\a')} and = 
as 

p^""^ E p1VI")("'i®i/5)(/3'i- 



EC^- sup ||5^C.,(«|X,|a)(/3|F,|/3)|a)(a|®|/3)(/3||p 
ii {no/3} j^j^p 



AB 



13] I 



I] ■- aP ij 

tr{CC^) - suptr{ACB*BC*A*) 

AB 



A brief proof of inequality (14) is: since [21 1 

m 

^S(0>MCC*)-^Afc, 

71 

D'i{p^^)>tr{CC')-Y,Xk, 



fe=i 



Hence, 



\pAB_^AB^^2 



together with D%{p'^B) > max{i:»^(p^^), i:>g(p^^)}, 
thus inequality (14) is readily true. 



III. EXAMPLES 

In this section let us consider some examples which 
allow explicit results. 

Example 1. For the m x m Werner state 

An m — X mx — 1 ^ 
"^^ - -1+—. F, a;e [-1,1], 



tr[(p^^)2] - 2^Pc,^)Paf/3;3 + EP"/5 with F = J2ki \k){l\(E)\l){k\. Note that F^ = /, trF 



= tr[(p-4^)2] - Y.(P^S^^)" + E(^'"/' - ^-^^)'- 

a/3 Q/3 

By choosing p^/j = p^f^^, i.e., = UapP^^^ap, we 
then attain Theorem 2. 

We would rather like to give another expression of The- 
orem 2 and a lower bound of D'^glp'^^) foUws from it, 
that is Theorem 2 below. 

Theorem 2 . D%{p^^) is defined in Eq. (10), then 

Dab(.P^^) = tr{CC') - snptr{ACB'BC'A'), (13) 

AB 

min{'m,n} 

D^s{p^^)>tr{CC')- Yl ^'^•(14) 

fc=i 

Where A/j are the eigenvalues of CC* listed in decreasing 
order (counting multiplicity), t denotes transpose. The 
meanings of matrices A, B,C as follows: given orthonor- 
mal bases {X,}"^^ for L(if^) and for L{H^). 

Let p^B ^ E^JC^JX^ (g) Yj , matrix C = (C^^). For 
any orthonormal bases {la)}™^]^ for and 

for H^, let \a){a\ = E"'i^«^. : =E"liBpjY, 
and matrices A = {Aai),B = (Bpj). 

To prove Eq. (13), note that Ad — tr{Xi\a){a\) — 
{a\X,\a), Bp, - tr{Yj\P){P\) - thus 

D%{p^^)^tr[{p^^f]~ sup ||En./3P^^n„^| 

{Ho,} 



For any two-side projective measurement {IIq^}, 

m — X , TOX — 1 



Q/3 



m — x ma; — 1 , , ,9„ 

= ^ + ^ E "/^ n„^- 

m'^ — m — m — ' 

Q/3 

Thus, applying Lagrangian multipliers method, we get 

{mx — 1)^ 



D%{p^^) 



m{m — l)(m -|- 1)^ 



That is, D^siP^^) = D^ip^B). |2i| 

A werner state is separable if and only if a; G (0, 1], but 
its geometric measures of quantum discords vanish if and 
only if CC = 1/m. 

Example 2. For the m x m isotropic state 



^AB 



1 — X m X — 1 



m-^ — 1 — 1 



Af, xe [0,1], 



with M = ^^Y.ki I^X^I ® Note that = M, 

and trM — 1. For any two-side projective measurement 
{Hq/j}, 

Y^ii^pp^^'ii^p 
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1 — a; m X —11 
/ + 



W? — 1 TO 



a0kl 

1 — X ^ m?x —11 



mr — 1 TO^ 



--^|(a|/3')pn„, 



here |/3') = |/3)* is the complex conjugate of \f3). Using 
the similar techniques in example 1 will yield 

^^^^ ' m(TO-l)(TO + l)2- 

That is D%{p^B)^Di{p^B). HI 

Recall that an isotropic state is separable if and only 
if a; G [0,1/to], but its geometric measures of quantum 
discords vanish if and only if x = 1/m?. 
Example 3. For any two-qubit state 



-j^ 3 3 

p = -(/ + ^ Xi(T, (g) /2 + ^ Vjh ® <7j 
1=1 j=l 
3 

+ ^ TijCTi (g) 0-j) 
i,i=l 

I ^ ^ 



Where {ai} are the Pauli matrices, {Xq, Xi, X2, X^} — 

^{/l, (71,0-2, 0-3}, {Yo,Yi,Y2,Y3} = ^{/2,cri,CT2,(T3}- 

Note that trai = and tr{aiaj) = 2(5y, hence 
{XqjXi, X2, X3} is an orthonormal basis for L{H^) , and 
{Yqi ^2, ilj} is an orthonormal basis for L{H^). For 
any orthonormal basis {|q!)}^^i of H^, \oi){a\ S L{H^), 
we can write |q!)(q;| as 

\1a){Ia\ = ^(^0 + ai^l + ^2^2 + 03^3), 

\2a){2a\ - ^(^0 - ai^i - ^2^2 - 03^3). 

Here, a = (01,02,03) is a real vector with |ja|j — 
Si=i '^f = 1. Similarly, for any orthonormal basis 
m}l=i oiH^, mm eHH^), we write |/3)(/3| as 

I Is) (Is I = -L(yo + 6^y^+ 621^2 + 63^3), 



|2s)(2i3| - ^(Fo - &in - b2Y2 - 63^3). 

Here, b = (61, 62, 63) is a real vector with ||b|l = 1. 
Thus, from Eq. (13), direct calculation shows that 



D%{p^^)^\[M' + \\yr+triTT')] 



■ sup[(a • x)2 + (b • y)2 + {a.Th 
ah 



t\2l 



(15) 



where x = (a;i, 0:2, 2:3), y = (yi,2/2,y3), T = {T^j). 
In particular, 

(i) if T = 0, then D%{p'^'^) = 0; 

(ii) if X = y = 0, that is p^ = Ii and p^ = J2, then 
^ab(p^'') = \MTT') - An,ax], with A„,ax being the 
largest eigenvalue of TT*; 

(iii) if Tij = XiVj, that is p-^-^ = p^ ® p^ , then 
^2b(p^^) = 0. 



IV. SUMMARY 

The original definition of quantum discord Dj^{p^^) 
can be generalized to the case of two-side projective 
measurements by defining Dj^g{p^^) as the minimal 
loss of mutual information under all two-side projective 
measurements. We derived the set of all states that 
^AsiP^^) vanishes, and defined a geometric measure 
^AsiP^^) to this set. A simplified variational ex- 
pression and a lower bound of D'^g{p^^) have been ob- 
tained, and some special cases allows explicit expressions. 

It was shown that Dj^^{p'^^) captures more correla- 
tions than Dj^{p"^^). It is interesting to point out the 
containment relations below 



p^^ = p^ 

DAiP^"") 



(S p 
= 



^DMp''n = o 

p^^ is separable. 



(16) 



V. ACKNOWLEDGMENTS 

This work was supported by National Natural Science 
Foundation of China (Grant Nos. 10775101). I thank 
Qing Hon and Ying-Feng Xu for helpful discussions. 



[1] M. A. Nielsen and I. L. Chuang, Quantum Computation 
and Quantum Information (Cambridge University Press, 
Cambridge, England, 2000). 

[2] R. Horodecki et al, Rev. Mod. Phys. 81, 865 (2009). 

[3] H. OUivier and W. H. Zurek, Phys. Rev. Lett. 88, 017901 
(2001). 



[4] L. Henderson and V. Vedral, J. Phys. A 34, 6899 (2001). 
[5] A. Datta, A. Shaji, and C. M. Caves, Phys. Rev. Lett. 

100, 050502 (2008). 
[6] B. P. Lanyon, M. Barbieri, M. P. Almeida, and A. G. 

White, Phys. Rev. Lett. 101, 200501 (2008). 



5 



[7] A. Datta and S. Gharibian, Phys. Rev. A 79, 042325 

(2009) . 

[8] S. Luo, Phys. Rev. A 77 042303 (2008). 
[9] M. Ali, A. R. P. Rau and G. Alber, Phys. Rev. A 81 
042105 (2010). 

[10] B. Byhcka and D. Chruscinski, Phys. Rev. A 81 062102 

(2010) . 

[11] A. Fcrraro, L. Aolita, D. Cavalcanti, F. M. Cucchietti 
and A. Acin, Phys. Rev. A 81 052318 (2010). 

[12] W. H. Zurck, Phys. Rev. A 67, 012320 (2003). 

[13] A. Brodutch and D. R. Terno, Phys. Rev. A 81 , 062103 
(2010). 

[14] A. Shabani and D. A. Lidar, Phys. Rev. Lett. 102, 

100402 (2009). 

[15] K. Modi, T. Paterek, W. Son, V. Vcdral and M. 
Wilhamson, Phys. Rev. Lett. 104, 080501 (2010). 



[16] T. Werlang, S. Souza, F. F. Fanchini and C. J. Villas 

Boas, Phys. Rev. A 80, 024103 (2009). 
[17] T. Werlang and G. Rigolin, Phys. Rev. A 81 , 044101 

(2010). 

[18] B. Wang, Z. Y. Xu, Z. Q. Chen and M. Feng, Phys. Rev. 
A 81, 014101 (2010). 

[19] D. O. Soares-Pinto, L. C. Celeri, R. Auccaise, F. F. Fan- 
chini, E. R. doAzovcdo, J. Mazicro, T. J. Bonagamba, 
and R. M. Scrra. Phys. Rev. A 81 062118 (2010). 

[20] B. Dakic, V. Vedral and C. Brukner, Phys. Rev. Lett. 
105, 190502 (2010). 

[21] S. Luo and S. Fu, Phys. Rev. A 82, 034302 (2010). 

[22] J. Maziero, T. Werlang, F. F. Fanchini, L. C. Celeri and 
R. M. Serra, Phys. Rev. A 81, 022116 (2010). 

[23] G. Lindblad, Commun. math. Phys. 40, 147 (1975). 

[24] D. Petz, Comm. Math. Phys. 105, 1 (1986). 



Geometric measure of quantum discord over two-sided projective 

measurements 



Jianwei Xu* 

Key Laboratory for Radiation Physics and Technology, Institute of Nuclear Science and Technology, Sichuan University, 

Chengdu 610065, China 



Abstract 

The original definition of quantum discord of bipartite states was defined over one-sided projec- 
tive measurements, it describes quantum correlation more extensively than entanglement. Dakic, 
Vedral, and Brukner [Phys. Rev. Lett. 105 (2010) 190502] introduced a geometric measure for 
this quantum discord, and Luo, Fu [Phys. Rev. A 82 (2010) 034302] simplified the variation 
expression of it. In this paper we introduce a geometric measure for the quantum discord over 
two-sided projective measurements. A simplified expression and a lower bound of this geometric 
measure are derived and explicit expressions are obtained for some special cases. 

Keywords: quantum discord, two-sided projective measurement, geometric measure 



1. Introduction 

Quantum entanglement is by far the most famous and best studied kind of quantum correlation, 
and leads to powerful applications |[ll|2l- While interest remains strong, recent researches have 
explored another quantum correlation other than entanglement, called quantum discord 
which may be employed as alternative resources for quantum technology |5-7]. From theoretic 
points of view, operational interpretations of quantum discord have been proposed, the links 
between quantum discord with other concepts have been discussed, such as Maxwell's demon |@, 
1^, completely positive maps LIO] , and relative entropy [IJJ. At the same time, the characteristics 
of q uantum discord in some physical models and in information processing have been studied 

But the awkward situation is, till now the analytical expressions of quantum discord are found 
only for few special states ITs - 22 1 . The problem arises from the variation expression of original 



definition of quantum discord. Analytical expression is very useful for investigating the dynamics 
in physical systems llT2[ E3 . 24]. Very recently, Dakic, Vedral, and Brukner introduced Ii25i1 a 



geometric measure for quantum discord. As one of the most striking results of this measure. 



they obtained II25I1 the analytical expression for any two qubits states. Also, Luo and Fu [26D 
simplified the expression of this geometric measure, and derived a lower bound for any quantum 
state. 
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In the same spirit, in this paper we introduce a geometric measure for the quantum discord over 
two-sided projective measurements (Sec. 3). We also simplify the expression and provide a lower 
bound for this geometric measure (Sec. 4). As examples, we derive some explicit expressions of 
this geometric measure for some special quantum states (Sec. 5). 



2. Geometric measure of quantum discord over one-sided projective measurements 

For clarity, we first give some definitions about quantum entropy, conditional entropy, mutual 
information and projective measurement. Let be the Hilbert spaces of quantum systems 

A, B, respectively, with dimH^ - ha, diniH^ - ng- Ia,Ib,Iab are the identity operators on 
H^, and (Si H^. The reduced density matrices of a state p'^^ on H"^ S are p'* = trgp'^^ , 
p^ - trAp'^^ ■ For density operators p,cr on a Hilbert space H, the entropy of p is defined as 
S(p) = —trip log p) (log p - logj p), the conditional entropy of p^^ (with respect to A) is defined 
as Sip^'^) - S{p^). The mutual information of p-^^ is defined as S{p^) + 5(p*) - 5(p'*^), which 
is nonnegative, and vanishing only when p^^ - p'^ ® p^ (111], 11.3.4). A general measurement 
on p^^ is denoted by a set of operators O = satisfying S^ftdO^ = Iab, here t denotes 

Hermitian adjoint, and performs p^^ as p^* = 2„ (baP^^'^l,- When = n„ ® Ib, where 
IIq. - \a}{a\ and {|a))^'^j is an orthonormal basis for H'^, we call {n„ ®lB}a a one-sided projective 
measurement. We call {Ilofi}a/3 a two-sided projective measurements, where Ilafi = \o:){a\ ® \/3){/3\, 
and {|yS))^* J is an orthonormal basis of H^. For simplicity, we sometimes simply write Tla ® Ib 

as Hq.. We use p^* to denote the state its initial state is p^* and experienced a measurement, and 

pA - trBp^^,p^ - tKAP^^. 

Now recall that the original definition of quantum discord of p^^ was defined over one-sided 
projective measurements (with respect to A) as Jsjl 

£)a(p^^) = 5(p^)-5(p^*)+ inf [l.,p,,S{pfJpa)\, (1) 

|n„»/i,)„ 

where inf is taken over all projective measurements on A, p^ = trAi^ap'^^Ha), Pa - trgPa- 
Deip^^) can be defined similarly. 

By the joint entropy theorem (IjJ], 11. 3. 2), Eq.(l) can be rewritten as jstl 

Da(P^^) = 5(p^)-5(p^^)+ inf [S(^B)-S(^)]. (2) 

A state p'** satisfying Da{p^^) = is called a classical state, it can be proved that ^ 
DAip^") > 0, 

1/1 

Da(p'**) = 0^p^* = ^p»<a|®p; 

a=\ 

where, {|Q'))"-ij is an arbitrary orthonormal set of H^, pa > 0, Yl'a^iPa - 1- Pa density 
operators on . 

Although the set of all states p^^ satisfying Da(p'^^) = is not a convex set, a technical defi- 
nition of geometric measure of quantum discord of p'^* over one-sided projective measurements 
on A can be defined as 

D^(p^^) = inf^(p^^O, (5) 
2 



(3) 
(4) 



where d is a distance defined on density operators on ® H^, and inf runs over all cr^^ with 
D^(cr^*) - 0. D^ip^^) can be defined similarly. One of such geometric measure is as follows. 

Let L{H^) be the real linear space of all Hermitian operators on , and define the inner 
product {X\X') = tVAiXX') for any X, X' € L(H^), then L{H'^) becomes a real Hilbert space with 

dimension n\. The Hilbert spaces L(H^) and L(H'^ ® are defined similarly. A geometric 
measure of quantum discord of p'** over one-sided projective measurements on A can then be 
defined as 02511 

DV") = inf|IP^"-^"ll'. (6) 



where Wp^'^-cr^'^f = fr[(/^-crff)2], inf takes all cr^^ thatD^(cr^*) = 0. Some analytical solu- 
tions of D^ip'^^) were obtained \2y\. Moreover, it has been shown that Eq.(6) can be simplified 

as iai' 



Dj(p-^^) = ^inf llp-^^ - n.p""n„||2. (7) 



3. Geometric measure of quantum discord over two-sided projective measurements 

In this section, we propose a geometric measure under two-sided projective measurements. 

The original definition of quantum discord over one-sided projective measurements in Eq.(l) 
or Eq.(2) has the intuitive physical meaning that D^(p'**) is the minimal loss of mutual informa- 
tion or conditional entropy due to all one-sided projective measurements. A direct way to define 
the quantum discord over two-sided projective measurements then is 1I3I I27I1 

DABip^") ^S(p^) + Sip") -Sip^") + inf -S(^)-S(f?)]. (8) 

Where, inf takes all two-sided projective measurements. By the experiences of optimization 
about Eq.(l) or Eq.(2), it seems that Eq.(8) will be very difficult to optimize excepting some 
very special states. So, we introduce a geometric measure of it, just as what have done in the 
one-sided case fi25[|26ll . To do so, we first prove that Dab(p^^) in Eq.(8) is nonnegative for any 
state (then Dab(p^^) is a valid measure), and next we need to find the set of all states p'** that 
Dab(p^^) - 0. This is Theorem 1 below. 
Theorem 1. It holds that 

(9) 

al3 

where {Oq-^I^/j is an arbitrary two-sided projective measurement, {pap]ap is an arbitrary probabil- 
ity distrbution, that is > 0, Yiap Pap - 1- 
proof. Given a two-sided projective measurement {Ilap]ap, notice that 

p^ = ^ n^pfA^n^p ^Yj^a® np(p^)iA ® n^, (ii) 

ap p 

where 

;^ = 2n„®/Bp^«n„®/B. (12) 

a 

3 



DABip^n > 0, 
DABip^") = 0. 



We expand p/^^ , p^^ , fA^ and their reduced density operators in the bases = 

and = {^')};f^i as 

p"" = 2 pZpp'\aw\ ® \pm, (13.1) 

aa'l3l3' 

= YjP«Up\<^^<"'\> (13.2) 



P" = Yjf^aaPP'\PW\^ (13.3) 

pf = Yj ^aP^^^a = YjPtam^a)((^^ ® ^)</8'L (14.1) 
a a/3/3' 

a/3 

= 2 n^(pf )n^ = 2P^a^,8l«)<a| ® 18)081, (15.1) 

j8 0)8 

;? = ?r5;^ = 2Poo)3^l«><«l' (1^-2) 

a/3 

7 = trA?'^ = Y,PZp\Pm- (15.3) 

ff/J 

Where = {a/3\p'^'^\a'/3}. From Eq.(13.3) and Eq.(14.3), Eq.(14.2) and Eq.(15.2), we have 

p^=;^, ;^ = ;^. (16) 

Then 

[S(7^)-S (7) -8(7)]- [S (p^") -S(p^)-S (p*))] 
= {[S(7'^)-S(7)-S(^)]-[S(^)-S(7)-S(7)]} 

+{[S(7')-S(7)-S(^)]-[S(p^'')-S(p^)-S (p"))] } 
= {[S (p^) - 5 (7)] - [5 (pf ) - 5 C^)]) + {[S (^)-S (7)] - [S (p^") - 5 (p-^)]). (17) 

From Eq.(2) and Eq.(3), it can be seen that the two expressions in the two curly braces of last 
line in Eq.(17) are both nonnegative, then we obtain Eq.(9). 

To prove Eq.(lO), suppose Dab(p^^) = and the zero can be achieved by the two-sided 
projective measurement {Yla/3]a/3- Again from Eq.(17), it follows that the two expressions in the 
two curly braces of last line in Eq.(17) are both vanishing. Then D^ip'^^) = and Dsip^^) - 0. 
Similarly, when we repeat the above program substituting p^^ by p^^ -Y^^Ia® ^/3{p^^)Ia ® H^, 
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we will obtain Deip^'^) = 0. Combining Da(p^^) = 0, Dsif^'^) = 0, and Eq.(4), we steadily 
obtain Eq.(lO). That is to say, 

DABifi^") = «=> DAip^") = Dsip^") = 0. (18) 

We then complete this proof. 

The intuitive meaning of Eq.(8) is that Dab(p^^) is the minimal loss of mutual information 
over all two-sided projective measurements. From Eq.(3) and Eq,(10), or fromEq.(18), we see 
that Dab(p^^) captures more correlation than Da{p^^) in the sense 

DAsif^") = ^ DAip'"') = 0. (19) 

Similar to Eq.(6), we also define a geometric measure of quantum discord over two-sided 
projective measurements as 

D«V^)=inf||p^^-/«||2, (20) 

where ||p^* -X^%^ = tr[(p^'^ -X^'^fl inf takes all;^^^ that DabC^^^) = 0. From the definitions 
of D^ip^'^) and Z)J^(p^^), and Eq. (19), it can be easily found that 

D%(p^'') > max{D^if/% D^isA")}. (21) 

4. Simplification and a lower bound of Eq.(20) 

Theorem 2 below will simplify Eq. (20). 
Theorem 2. D'^„(p^'^) is defined in Eq. (20), then 



Dab(P''') = inf llP^^'-yn^^p^^n^^ll^ (22) 

= ?r[(p^Y]- sup |i2nV''n„j3ll', (23) 



where inf and sup take over all two-sided projective measurements {nai3}afi- 
Proof. For any;^^^* that DabO(^") = 0, suppose 



0)8 



Where [la)}^^, {IP)}^^ are orthonormal bases for and pap > 0, ZossPayS = 1. We 
expand p^^ in the bases {\a)]li, = {\a')]Xi and {m;U = i\fi%'=i as 

where p^f,^^, = (aM'^Wp'), andp^f^^ = {ap\fA''\aP) > 0, Za^P^f^^ = 1- Consequently, 
= tr[(fA'f]-2j]pa,pZ, + J]plf^ 

a/S a/} 

0)8 0)8 
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By choosing pajs = ptapp' ^-^-'X^^ - '^a/s^a/iP^^^ai}, wc then attain Theorem 3. 

We would rather hke to give another expression of Theorem 2, a lower bound of D'^^ip^^) will 
follow from it, that is Theorem 3 below. 

Theorem 3. D^^ifA^) is defined in Eq. (20), then 

D%{p^^) = tr{CC')-w^tr{ACB'BC'A'), (27) 

AB 

min|«A,nB| 

D%{p^'') > tr(CC')- Yj ^28) 

Where Ak are the eigenvalues of CC listed in decreasing order (counting multiplicity), t denotes 
transpose. Real matrices A,B,C are specified as follows: given orthonormal bases {Xj}".^^ for 
L(H'^) and {Yj}"^^ for L(//*). Letp'** = Zij CijXi ® Yj, then matrix C = (dj). For any orthonor- 
mal bases {\a}}li^ for and {mlU for let \a){a\ = 2 J,A„X;, t6)</3| = 2 then 
matrices A = (Aq,,), B = (B/sj)- 

To prove Eq. (27), note that A„- = tr(Xi\a}{a\) = {a\Xi\a}, B^j = fr(y^'^)<^|) = (J3\Yj\/3}, thus 

^ab'p^'') = f'-[(p^'')'] - sup II y n„^p^*n„^||2 

= J] 4 - sup II Cij{a\Xi\amYjm\a){a\ ® \/3mf 

ij (n"/-! Off/; 

= -sup2(2a„C,vB/j/ 
= tr{CC') - supfr(ACB'BC'A'). 
A brief proof of inequality (28) is: since ll26ll 

D'i(p^'')>tr{CC')-Y,^k, (29) 

k=\ 
«a 

£»^(p^«)>fr(CC')-2i,, (30) 

k=l 

together with Eq.(21), so inequality (28) is surely true. 
5. Examples 

Let us consider some examples which allow explicit results for D^g{p^^). 
Example 1. For the m x m Werner state 

J H m — X mx - 1 

P^"^—. Iab + — F, xe[-l,l], 

m' — m m^ — m 

with F = Y.ki ® |/><fe|, {\k)) = (10) is an orthonormal basis for H'^ (H^ 
- Iab, trF - m. For any two-sided projective measurement {I\-ap]ai3, 
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(31) 

= //^). Note that 



— X J12X — 1 X — ^ 

Iab + y(a\k){l\a)m{m^aii 



— m ,, 

apU 



— X mx — 1 \— 1 T„ 

— m. m — m ^ — ' 

aj3 



By Eq. (22), and applying the Lagrangian multipliers method, we get 

(o'^'^) = ^-'^ (32) 



That is D^i//") = D^if/") M- 

A Werner state is separable if and only if x e [0, 1] but D'^(p^'^) = D'^gip'^'^) = if and 
only if X = 1/m, i.e., it is the completely mixed state. 

Example 2. For the m x m isotropic state 

,n 1 - X in^x — 1 

P^'^^^-Iab + ^^M, xe[0,l], (33) 
— 1 — I 

with M = J; 2w ® \k){ll {\k)) = is an orthonormal basis for (H^ = //*). Note that 
= M, and trM - 1. For any two-sided projective measurement {Tla/3]afi 



^ ~-^Iab + '^^f^- y{a\k}{l\amk}m^ap 
— 1 m'^ — 1 m 



ajikl 



\ — X rr\}x —11 

-Iab + - 



--V Kal8')l'n„^. 

1 m 



- 1 ... ^ ... 

afl 

here \/3'} = |y6)* is the complex conjugate of \fi} in the basis {\k}} = {|Z)), namely, {fi\k} - {k\/3'}, 
{l\fi) - (J3'\l). Using the similar techniques in example 1 we get 



m(m — l)(m + 1)^ 



That is D'^^gipn = £>>^") UL 

Recall that an isotropic state is separable if and only if jc e [0, 1/m] f?], but D^ifA^) — 
D'^gip^^) = if and only if x = 1 /m^, i.e., it is the completely mixed state. 

Example 3. For any two-qubit state 

J 3 3 3 

P = -7 (Iab + ^ XiO-i » /b + ^ yjIa ® cry + ^ TijCTi ® ctj) 

/=i j=i ij=i 

^33 3 

= -(Xq® Yq + ^ XiXi ® Fo + ^ yjXo ®Yj + Y, TijXi ® Yj). (35) 

Where x - (xi,X2,xj), y = (yi,y2,y3) are two real vectors, (cr,) are the Pauli matrices, 
{Xo,Xi,X2,X3} = {/A,cri,cr2,cr3}/V2, {Fo, ^i, ^'2, ^3) = {/b, cri, era, era)/ V2. Note that frcr,- = 
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and tr{aicrj) = 26ij, hence {X(),X\ , X2, X3} is an orthonormal basis for L(H^) , and {Yq, Yi , Y2, F3} 
is an orthonormal basis for L(H^). For any orthonormal basis {|q;))^^j of H"^, \a){a\ G L{H^), we 
can write \a){a\ as 

lUXUI = (Xo + aiX, + a2X2 + a^Xs)/ ^, (36.1) 
\2a){2a\ = {Xo - aiX, - ^2X2 - a^X^)| ^. (36.2) 

Here, a = {a\,a2,az) is a real vector with ||a|p - Yh=i ~ 1- Similarly, for any orthonormal 
basis of ie)</3| e L(iy*), we write ^)<^| as 

\U){Ib\ = (Yo + biYi + b2Y2 + hYi)l V2, (37.1) 

\2b){2b\ = (Yo -biYi- b2Y2 - b^Y^)/ ^. (37.2) 

Here, b = (^1,^2,^3) is a real vector with \\hf = Y,]=i b'] = \. Thus, from Eq. (27), direct 
calculation shows that 

Dab^p'"') = Ttllxll' + llylP + triTT')] - \ sup[(a • x)^ + (b • y)^ + (arb')^]. (38) 

^ ^ ab 

Where a ■ x = XiLi ^i-^i' ^ ' y = Df=i '3!i}'!> T = (^y). It is desirable but seems not easy to optimize 
Eq. (38), here we only discuss some special cases of it: 

(i) if r = 0, then D%{p^'^) = 0; 

(ii) if X = y = 0, that is = Ia and = Ib, by the singular value decomposition of T, we get 

Dab^P^'^) = jWTT') - ^max], with i„ax being the largest eigenvalue of TT'\ 

(iii) if Tij = Xiyj, that is p"** = ® p*, then D%{p^'^) = 0. 



6. Summary 

We introduced a geometric measure for the quantum discord defined over two-sided projective 
measurements, simplified the expression and provided a lower bound for this geometric measure. 
Some special quantum states were discussed as demonstrations of this geometric measure. We 
expect that this geometric measure may provide an new perspective and bring some conveniences 
for understanding and characterization of quantum discord over two-sided projective measure- 
ments. 

It has shown that Dab(p^^) captures more correlation than Da(p^^). At the end of this paper, 
it is interesting to point out the ordering of some different quantum correlation below 

p'*^ = p^ ® p^ ^ Dab^P^'^) = ^ Da(p'^^) = ^ p-^^ is separable. 
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